
Approximate Shortest Path Queries
in Graphs Using Voronoi Duals

フール　マイケル

Michael E. HOULE

The Voronoi method  can efÞciently answer  shortest
path queries in graphs with a good approximation.
In the preprocessing  phase, the algorithm computes a
simpliÞed version of the graph by selecting nodes
independently at random and generating edges as the
Voronoi dual of the original graph.
At query  time, the algorithm Þrst searches a shortest
path in the Voronoi dual and  then improves this path.

The Method
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EXPERIMENTS

! Approximation method: result
is not optimal but close to
optimal

! Stretch: result path length
divided by shortest path
length

! Proof that the expected
stretch is at most O(log h),
where h denotes the number
of edges on a shortest path.

APPROXIMATION RATIO

Finding shortest paths in graphs is  one of the most
fundamental problems in computer science.
Applications include car navigation systems,  public
transportation,  friendships in social networks ( mixi ,
facebook ,É ), interactions between proteins, routing
in computer networks, etc.
If the graph is large, Þnding a shortest path takes a
long time.  We want to optimize this search process.
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! Graph G=(V,E)

! Preprocessing

! (Approximate)
Shortest Path
Query

! Compact Data
Structure
! Restricted

Space

! Preprocess a graph into a compact
representation that allows for efficient
shortest path and distance queries

! Trade-Off:
! Preprocessing time
! Space
! Query time
! Approximation ratio

! Select each node as Voronoi node independently at random
! Compute Graph Voronoi Dual, time: O(m + n log n)

! The definition is analogous to the
classical Voronoi diagram.

! In a graph G = (V , E, ! ), the Voronoi
diagram for a set of nodes K = {v1 , . . .
, vk } �ç��V is a disjoint partition
Vor(G,K) := {V1 , . . . , Vk } of V such
that for each node u �å��Vi , d(u, vi ) "
d(u, vj ) for all j �å��{1, . . . , k}.

! It can be constructed using one
single Dijkstra search in time
O(m  + n log n)

Run a simultaneous Dijkstra
search from all Voronoi nodes
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! Find Voronoi Path

! Construct
Voronoi
Sleeve

! Shortest
Path in
Sleeve

! Two graph Voronoi diagrams
for the same planar graph but
with different edge weights.
Voronoi nodes are black and
the remaining nodes are
white. Even though the graphs
are structurally equivalent, the
corresponding graph Voronoi
diagrams are not.

! Simple and general method based on Voronoi duals to
efficiently support shortest path queries in undirected
graphs

! Very low preprocessing overheads and competitive
query times, at the cost of exactness

! Effective on a variety of graph types while remaining a
reasonable alternative to existing exact methods
specifically designed for transportation networks

! Approximation ratio in practice is significantly better
than the tight theoretical worst-case bound

! A Voronoi diagram is a decomposition of a
(metric) space relative to a discrete set of Voronoi
sites [red]

! In the plane, the Delaunay triangulation is the dual
of a Voronoi diagram. Neighboring Voronoi
regions are connected with an edge [black]

! A path from a to b and the corresponding Voronoi
path in the dual

! s, t, and vi are Voronoi nodes. The shortest path from s to t
leads through u, which is in vi’s Voronoi region (if c<a and
c<b), and paths in the Voronoi dual pass through vi. If
l<a+b+2c, the shortest path in the Voronoi dual takes the left-
hand route, and the Voronoi sleeve does not contain u.

! Comparison of different methods, speed-up at
query time vs. preprocessing time, loglog scale

! speed-up against Dijkstra’s algorithm
! VorHalf, VorRoot, and VorCubeRt are points for the

Voronoi method with different probability settings
! A*, HH, HNR, CHHNR, and TNR are the best

competitors; tailored for road networks but exact methods


